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In this paper we study the oscillatory behavior of equations of the forms (*) 
y’(t) + Cf=,pi y(t - 5,) = 0 and (**) y’(t) - JJb,p, y(t + 5,) = 0, where pi and rjr 
i = 1,2,..., n, are positive constants. We prove that each one of the following 
conditions (1) piri > l/e for some i, i= 1, 2,..., n, (2) (~~=lp,)r > l/e, where 
5 = min(r,, r2 ,..., r,}, (3) KK=, P,I I’” CC:-, 5J > I/e, or (4) (l/n) 
(Cy=, (~~5~)“~)~ > l/e implies that every solution of (*) and (**) oscillates. A 
generalization in the case where the coefftcients pi, i = 1, 2,..., n, are positive and 
continuous functions is also presented. 
1. INTRODUCTION 
In this paper we consider first-order linear functional differential equations 
with several deviating arguments of the delay 
y’(t) + e piy(t - Si) = 0 (1) 
i= I 
and the advanced type 
y’(t)- ~piy(l+rJ=O, 
i=l 
where pi and ri, i = 1, 2 ,..., n, are positive constants. 
* On sabbatical leave from the University of Ioannina, Greece. 
134 
0022.0396/82/040134-19$02.00/O 
Copyright 0 1982 by Academic Press, Inc. 
All rights of reproduction in any form reserved. 
(2) 
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We give sufficient conditions under which all solutions of (1) and (2) are 
oscillatory. 
A generalization of our results in the case where the coefficients pi, 
i = 1, 2,..., II, are positive and continuous functions is also presented. 
As it is customary, a solution is said to be oscillatory if it has arbitrarily 
large zeros. In this paper solutions are assumed to be defined for all t > 0. 
Recently Ladas and Stavroulakis [3] obtained the following result about 
delay differential inequalities and equations. 
THEOREM 1.1. The condition 
pr>$ 
is necessary and sufficient so that 
y’(t) + PYQ - t) < 0 
has no eventually positive solutions, 
y’(t) + PYO - 4 > 0 
has no eventually negtive solutions, and 
y’(t) +py(t - 5) = 0 
has oscillatory solutions only. 
By a similar argument (see also Kusano [ 11) the following result is true 
about differential inequalities and equations with advanced argument. 
THEOREM 1.2. The ‘condition 
is necessary and suflcient so that 
Y’W -PYO + 5) 2 0 
has no eventually positive solutions, 
y’(t) - PYQ + 7) < 0 
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has no eventually negative solutions, and 
y’(t) -py(t + 5) = 0 
has oscillatory solutions only. 
In the case of several deviating arguments the above results have the 
following applications. 
THEOREM 1.3. Each one of the following conditions 
piTi>+ for some i, i = 1, 2 ,..., n, 
or 
i i 
ipi 7>+, r = min( ti , r2 ,..,, tn} 
i=l 
(3) 
(4) 
implies that every solution of (1) and (2) oscillates. 
Proof. Otherwise, and without loss of generality, assume that there exists 
an eventually positive solution y(t) of (1). Then, from Eq. (l), we obtain 
Y’tt> + Pi Ytt - 7i> G O for the i for which (3) holds (5) 
and 
Y’Ct> + 
( i 
i Pi Y(t - 7, < O, 5 = min(r,, r *,..., tn}. (6) 
i=l 
Similarly, if y(t) is an eventually positive solution of (2), from Eq. (2) we 
obtain 
y’(t) -Piy(t + 7i) > O for the i for which (3) holds (7) 
and 
y’(t)- (~f,pi)Y(t+7)~o~ 7=min{7,,7,,...,7,}. (8) 
Using Theorems 1.1 and 1.2 we see that, in view of (3), inequalities (5) and 
(7) and, in view of (4), inequalities (6) and (8) lead to contradictions. The 
proof of the theorem is complete. 
The fact that condition (4) implies that all solutions of Eq. (1) oscillate is 
due to Ladde [4]. 
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2. DIFFERENTIAL EQUATIONS WITH SEVERAL RETARDED ARGUMENTS 
THEOREM 2.1. Consider the d@ierential equation with retarded arguments 
f’(t) + i PiY(t - 7i> = ‘3 (1) 
i=l 
where pi and ti, i = 1, 2,..., n, are positive constants. Assume that 
(9) 
Then all solutions of (1) oscillate. 
Proof. It suffices to show that Eq. (1) does not have an eventually 
positive solution. To this end suppose that y(t) is a solution of (1) such that 
for t, sufficiently large 
YW > 0, t> t,. 
Choose a t, > t, such that y(t - 7i) > 0, i = 1, 2 ,..., n, for t > t, and thus, 
from (l), y’(t) < 0 for t > t, . Next choose a t, > t, such that y(t) < y(t - ti), 
i = 1, 2,..., n, for t > 1,. Set 
w,(t) = Ht - ‘i) I 
YW ’ 
i = 1, 2,..., n for t > 1, 
and 
li = lim &f wi(t), i = 1, 2 ,..., n. (11) 
Then wi(t) > 1 and Ii > 1 for i = 1, 2,..., n. Dividing both sides of (1) by y(t), 
for t > t,, we obtain 
-+ i piwi(t)=O, v’(t) 
YW 
i = 1, 2 ,..., n. 
i= I 
Integrating both sides of the last equation from t - sk to t for k = 1, 2,..., n, 
we find 
1% Ytt> - log YCt - 7k) + $, Pi f , wi(s) ds = 0, 
k 
k = 1, 2 ,..., n. 
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Now one of the following holds. The numbers li, i = 1, 2,..., n, are all finite 
or at least one of them is infinite. 
Case 1. Zi < co for i = 1, 2 ,..., n. Then the above equations, in view of 
(10) and (1 l), yield 
log Wk(f) > ‘k 2 pi/j, k = 1, 2,.. ., n. 
i=l 
Taking limit inferiors on both sides of the above inequalities, we obtain 
loglk~tk ~pjlj, k = 1, 2 ,..., n, (12) 
i= I 
and adding we find 
Set 
F(l, , 1, ,..., 
Clearly 
F(l, , 1, ,..., 4) 2 0 for all I,, I, ,..., 1 II , >l. 
Now observe that 
al; 
-=+,-Pi ($, 7i) =O 
a1i I 
for 
1 
Ii = pi(c;=, q) ’ 
i = 1, 2 ,..., n. 
At the critical point 
( 
1 1 1 
Pd.E=, 7J ’ PACL, 7,) ‘***’ P,c3=, 7i) 
the function F has a maximum because the quadratic form 
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is equal to 
which is negative definite. Since F(1, , I, ,..., I,) > 0, the maximum of F at the 
critical point should be nonnegative. That is, 
2, [-log [Pi (;g, ‘i)] 1 -n 
=plog][f!Pi] (jjI,‘i)“Ienao 
or 
Hence 
which contradicts the hypothesis (9). 
Case 2. 1, = +co for some i, i = I,2 ,..., n. That is, 
kl y(t) 
YCtF7i) = +~ for some i, i = 1,2 ,..., n. (13) 
From Eq. (1) and for the i for which (13) holds, we have 
Y’(t) + PiY(l - 7i) < O9 t > t,. 
As in [2], integrating both sides of the last inequality from t - 7,/2 to t and 
using the fact that y(t) is decreasing, we obtain 
y(t)-y t-2 ( 1 + p+ y(t - 7i) < 0, t>t,++. 
Dividing both sides of the last inequality first by y(t) and then by y(t - ri/2) 
we obtain, respectively, 
1 _ YCt - 7i/2) + PA YCt - 7i) < 0 
y(t) 2 Y(t) ’ 
(14) 
505/44/l-10 
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and 
y(t) 
Ytt - ti/2) 
_ 1 I Piti YCt - ‘i> < 0 
2 Y(t - ti/2) ’ ’ (15) 
In view of (13), inequality (14) implies 
lim YCt - Ti/2) = +co 
t-03 v(t) 
and. therefore 
I’5 y(t - tJ2) 
YO - ‘i) = +co 
which contradicts (15). 
Since both cases lead to contradictions the proof of the theorem is com- 
plete. 
THEOREM 2.2. Consider the differential equation with retarded 
arguments 
y’(t) + t Pi y(t - 7i) = OY (1) 
i=l 
where pi and 7i, i = 1, 2 ,..., n, are positive constants. Assume that 
(16) 
Then all solutions of (1) oscillate. 
Proof. Otherwise there exists a solution y(t) of (1) such that for t, 
sufficiently large 
y(t) > 0, t > t,. 
Defining li, i = 1, 2 ,..., n, as in Theorem 2.1 and assuming that all 1,‘s are 
finite we arrive at the inequalities (12). Using (12) and the fact that 
= k 1, 2 ,..., n, 
we find 
+> i pi?,+, j = 1, 2 ,..., n. 
i=l J 
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Adding these inequalities we obtain 
Now using the fact that 
the last inequality yields 
%> f piTi + 2 i dPx= i (Piri)“2 
2 
i=l i<j ( i=l 1 
i.j= 1 
which contradicts the hypothesis (16). 
As in case 2 of Theorem 2.1, when for some i, i = 1,2 ,..., n, li = +co we 
are also led to a contradiction. Therefore, the proof of the theorem is com- 
plete. 
3. DIFFERENTIAL EQUATIONS WITH SEVERAL ADVANCED ARGUMENTS 
THEOREM 3.1. Consider the dlflerential equation with advanced 
arguments 
y’(t) - t piy(t + ti) = 0, 
i=l 
(2) 
where pi and ti, i = 1, 2 ,..., n, are positive constants. Assume that 
Then all solutions of (2) oscillate. 
Proof: Otherwise there exists a solution y(t) of (2) such that for t, 
sufticiently large 
YW > 0, t > t,. 
Then, from (2), y’(t) > 0 for t > t,. Hence y(t + ri) > y(t), i = 1, 2 ,..., n, for 
t > 1,. Set 
zi(t) = YCt + ri) 
y(t) ’ 
i = 1, 2,..., n for t > t, 
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and 
Ai = lim Ef zi(t), i = 1, 2 ,..., n. (18) 
Then zi(t) > 1 and 3Li > 1 for i = 1, 2,..., n. Dividing both sides of (2) by v(t), 
for t > t,, we obtain 
#- $J pizi(t)=O, i= 1,2 ,..., n. 
i=l 
Integrating the last equation from t to t + rk for k = 1,2,..., n, we have 
log V(t + rk) - log y(t) = $, pi j:“* Zi(S) ds> 
k = 1, 2 ,..., n. (19) 
Now we consider the following two cases: 
Case 1. li < 00 for i= 1,2,..., n. Then (19), in view of (17) and (lg), 
yields 
k = 1, 2 ,..., n. 
Taking limit inferiors on both sides of the above inequalities, we obtain 
log Ak > rk i Pili9 k = 1, 2 ,..., n, (20) 
i=l 
and adding them up we have 
Set 
&I,, 4,..., 
Then, as in case 1 of Theorem 2.1, we are led to a contradiction. 
Case 2. Li = +co for some i, i = 1,2 ,..., n. That is, 
Y(r+ti) =+co 
rE y(t) 
for some i, i = 1, 2 ,..., n. (21) 
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From Eq. (2) and for the i for which (21) holds, we have 
Y’Ct) -Pi Y(c + s[> > OY t> t,. 
Integrating the last inequality from t to t + tJ2 (cf. [ 11) and using the fact 
that y(t) is increasing, we obtain 
y ( 1 t + 2 -y(t) -P?y(l+ Ti) > 0, t > t,. 
Dividing both sides of this inequality first by y(t) and then by ~(t + rJ2) we 
obtain, respectively, 
YCt + 5J2) 
YW 
_ I-PisiY(t+ri) >O 
-T- Y(f) ’ 
and 
I- YW -2 
YCc + zi/2) 
p.s. Y(t+ti) >o 
2 y(t + ti/2) ’ ’ 
(22) 
(23) 
In view of (21), inequality (22) implies that 
lim Ytt + ‘J2) = +~ 
t-co r(t) ’ 
which contradicts (23). 
The proof of the theorem is complete. 
THEOREM 3.2. Consider the dlrerential equation with advanced 
arguments 
y’(t) - i piy(t + Ti) = 0, 
i=l 
(2) 
where pi and ri, i = 1, 2 ,..., n, are positive constants. Assume that 
l (2 (piri)ll’)2 > f. - 
n i=l 
(16) 
Then all solutions of (2) oscillate. 
Proof: Otherwise there exists a solution Y(C) of (2) such that for t, 
sufficiently large 
YW > 0, t > to. 
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Defining ii, i= 1, 2 ,.,,, n, as in Theorem 3.1 and assuming that all of them 
are finite we obtain inequalities (20). Using the fact that 
k = 1, 2 ,..., n, 
(20) yields 
+> i pi7j+, j = 1, 2 ,..., n. 
i=l J 
Adding these inequalities and using the fact that 
as in Theorem 2.2, we are led to a contradiction. 
The case where for some i, i = 1, 2,..., IZ, di = +co, as in case 2 of Theorem 
3.1, leads to a contradiction. Hence the proof is complete. 
4. SUMMARY AND EXAMPLES 
Summarizing the above results we have the following: 
COROLLARY 4.1. Consider the difJ‘erentia1 equation with retarded 
arguments 
y’(t)+ ~piy(t-7J=o (1) 
i=l 
and the differential equation with advanced arguments 
.Y’(t) - i Pi.Y(t + 7i) = O, 
i=l 
(2) 
where pi and zi, i = 1, 2 ,..., n, are positive constants. Then each one of the 
following conditions 
pi7i > f for some i, i = 1, 2 ,..., n, (3) 
where r = min{r,, z2 ,..., r,,}, (4) 
(9) 
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- ’ (5 (pir,)l”)l > + 
n i=l 
(16) 
implies that every solution of (1) and (2) oscillates. 
Remark 4.1. It is noteworthy that when n = 1, that is, in the case of a 
differential equation with one deviating argument, each one of the conditions 
(3), (4), (9), and (16) reduces to 
which is necessary and sufficient in order for all solutions of the equation 
y’(t) +py(t - t) = 0 
and 
y’(t) -py(t + 5) = 0 
to be oscillatory. 
The following examples illustrate that the above conditions (3), (4), (9), 
and (16) for oscillations are independent. They are chosen in such a way 
that only one of the four sufficient conditions (3), (4), (9), and (16) is 
satisfied. 
EXAMPLE 4.1. (Only condition (3) is satisfied.) For the differential 
equations with deviating arguments 
y’(t)+& t-f ++ytt-- l>=O, 
( 1 
and 
y’(t)+ t++ -+Y(t+ l)=Q 
( 1 
1 1 
p2tz=-q 2 
that is, condition (3) of Corollary 4.1 is satisfied. Therefore, all solutions of 
these equations are oscillatory. 
However, none of the other conditions of Corollary 4.1 is satisfied. 
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EXAMPLE 4.2. (Only condition (4) is satisfied.) The differential 
equation with retarded arguments 
y’(t) + ewa(*“)y(t - 7c/2) + ae-"2ny(t - 27~) = 0 
has the oscillatory solutions yi(t) = e-“’ sin t and y2(t) = epa’ cos t, while the 
differential equation with advanced arguments 
y’(t) - e-a(n’2)y(t + 7r/2) - aepa2*y(t + 2x) = 0 
has the oscillatory solutions yl(t) = ear sin t and y*(t) = eat cos t. Moreover, 
when a= Ill/120 
(p2 +p2)r= 
( 
e-(111/120)(n/2) ; 111 e-(llll120,2n 
120 1 
+>a, 
that is, condition (4) of Corollary 4.1 is satisfied. Therefore, for this value of 
a all solutions of these equations are oscillatory. 
In this case none of the other conditions of Corollary 4.1 is satisfied. 
EXAMPLE 4.3. (Only condition (9) is satisfied.) Consider the 
differential equation 
y’(t)+y(t-+)+,y(t- l)=O 
and 
y’(t)-y(t+#-$y(t+ l)=O. 
We observe that 
(rl + r2) G= (& + 1) Ji7= + > l/e, 
that is, condition (9) of Corollary 4.1 is satisfied. Therefore, every solution 
of these equations oscillates. 
However none of the other conditions of Corollary 4.1 is satisfied. 
EXAMPLE 4.4. (Only condition (16) is satisfied.) For the differential 
equation 
1 1 
y’(t) + g(t - 1) + zY(t - 2) = O 
and 
y’(t) - kY(f + 1) - &Y(f + 2) = 0, 
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we have 
that is, condition (16) of Corollary 4.1 is satisfied. Therefore, all solutions of 
these equations are oscillatory. 
It is easy to see that none of the other conditions of Corollary 4.1 is 
satisfied. 
EXAMPLE 4.5. (None of the conditions is satisfied.) The differential 
equation with retarded arguments 
y(t)++y f-f +-+ l>=O ( 1 
has the nonoscillatory solution y(t) = e-31, while the differential equation 
with advanced arguments 
yy++y I++ -Sy(t+ I)=0 ( 1 
has the nonoscillatory solution y(t) = e . 3t As expected none of the conditions 
of Corollary 4.1 is satisfied for these equations. 
5. GENERALIZATIONS 
In this section we generalize our results to differential equations with 
variable coeffkients of the delay 
u’(t) + 5 pi(f)+,V(f - ri) = O (1’) 
i=l 
and the advanced type 
(2’) 
i=I 
where ti, i = 1, 2 ,..., II, are positive constants and pi(t), i = 1, 2 ,..., n, are 
positive and continuous functions. 
Our proofs of Theorems 1.3, 2.1, 2.2, 3.1, and 3.2 are given in such a way 
that they can be extended in a straightforward manner to the case of 
differential equations with variable coeflicients. 
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THEOREM 5.1. Consider the d@erential equation with retarded 
arguments 
y’(t) + ” pi(t) Y(t - ri) = O 
tr, (1’) 
and assume that 
lim inf t-rw s:pT,,2Pi(s) ds > ‘7 i = 1, 2 ,..., n. (24) 
Then each one of the following conditions 
t 
lim inf 
t-w i t-T! 
pi(S) ds > f 
t n 
lim inf 
ttm I c t--r i=l 
pi(s) ds > +, 
for some i, i = 1, 2 ,..., n, 
where r = min{z,, t2 ,..., zn}, 
rn in 
I 
t 
)I 
1/n 
1= t= 
lim inf 
j=l t-‘ml 
pi(S) dS 
i=l t-7j 
> f> 
(25) 
(26) 
or 
(27) 
implies that every solution of (1’) c-xillates. 
Proof: We present the proof when condition (27) is satisfied. The other 
cases can be treated in a similar fashion. To this end suppose that there 
exists a solution y(t) of (1’) such that for t, sufficiently large, 
y(t) > 0, t > t,. 
Dividing both sides of (1’) by y(t) and using (lo), we obtain 
Y’W n 
u(t> + C Pitt) wi(t) = O* 
i=l 
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Define I,, i = 1, 2 ,..., n, as in Theorem 2.1 and assume that ail of them are 
finite. Integrating both sides of the above equation from t - rk to t for 
k = 1, 2 ,..., n, we find 
log I, > f li 
i=l 
k = 1, 2 ,..., n. 
Adding the above inequalities, we have 
i log li > i ii 
i=l i=l 
i lim inf 1’ 
j=l f-m -t-rj 
Pi(s) ds) . 
Set 
F(Z, I, ,..., 
Then F(l,, 1, ,..., I,) > 0. On the other hand, 
[’ p,(s) ds 
“&Tj 
Hence 
which contradicts (27). 
Finally consider the case where Zi = +co for some i, i = 1,2,..., n. That is, 
YCt - ‘i> 
!ki y(t) 
= +co for some i, i = 1, 2 ,..., n. (13) 
From Eq. (1’) and for the i for which (13) holds, we have 
Y’tt) + PiCt) YCt - ti> < O’ 
Integrating both sides of this inequality from t - ri/2 to t and using the fact 
that y(t) is decreasing, we obtain 
p,(s) ds < 0. 
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As in case 2 of Theorem 2.1 and taking into account condition (24), we are 
led to a contradiction. 
The proof of the theorem is complete. 
THEOREM 5.2. Consider the difSerentia1 equation with advanced 
arguments 
n 
Y’tt> - x PitIt> Ytt + ti> = O (2’) 
i=l 
and assume that 
! 
.t+(rln) 
lim inf pi(S) ds > 0, i = 1, 2 ,,.., n. (249 
t+aO t 
Then each one of the following conditions 
lip gf J 
t+rj 
pi(S) dS > f for some i, i = 1, 2 ,..., n, (259 -+ t 
lir_trf iIt’ 2 p,(s) ds > f 
i=l 
where r = min{t,, r2,..., 7,}, (26’) 
or 
(279 
f tl (liz$f !]l”‘pi(s) ds) 
+ $ 2 [ (liz,“fjttTUPi(s) ds) 
i,j= 1 
t+Tj l/2 
pi(S) ds > $ (28’) 
implies that every solution of (2’) oscillates. 
Proof. We give the proof when condition (28’) is satisfied. The other 
cases can be treated in a similar way. If the conclusion were false there 
would exist a solution y(t) of (2’) such that for t, sufficiently large 
y(t) > 05 t > t,. 
OSCILLATIONS AND RETARDED AND ADVANCED ARGUMENTS 151 
Dividing both sides of (2’) by v(t) and using (17), we obtain 
f# - 5 pi(t) zip) = 0. 
i=l 
Define the Ai, i= 1, 2 ,..., n, as in Theorem 3.1 and assume that all of them 
are finite. Then integrating both sides of the above equation from t to t + rk 
for k = 1, 2,..., IZ, after some calculations, we find 
-f+?k 
k = 1, 2,.. , n. (2% 
Using the fact that 
‘2 log A, )Lk’ k = 1, 2 ,..., n, e 
(29) yields 
Adding these inequalities, we obtain 
i,j=l 
( J 
t+ri 
+ lim inf ‘j I’m3 t Pi ds 7 - 1 1 
Using the fact that 
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the last inequality implies 
i,j= 1 
112 
Pj(S) ds &- e 
which contradicts (28’). 
Finally consider the case where Izi = +co for some i, i = 1, 2,..., n. That is, 
YCf + ‘i) 
E y(t) 
= +co for some i, i = 1,2 ,..., n. 
From Eq. (2’) and for the i for which (21) holds, we have 
Y’(f) -Pi(l) Y(f + ri) 2 O3 t> t,. 
Integrating both sides of this inequality from t to t + tJ2 and using the fact 
that y(t) is increasing, we obtain 
p,(s) ds > 0. 
As in case 2 of Theorem 3.1 and taking into account condition (24’), we are 
led to a condition. 
The proof of the theorem is complete. 
REFERENCES 
1. T. KUSANO, On even order functional differential equations with advanced and retarded 
arguments, J. Differential Equations, in press. 
2. G. LADAS, Sharp conditions for oscillations caused by delays, Applicable Anal. 9 (1979). 
93-98. 
3. G. LADAS AND I. P.’ STAVROULAKIS, On delay differential inequalities of first order, 
Funkcial. Ekvac., in press. 
4. G. S. LADDE, Oscillations caused by retarded perturbations of first order linear ordinary 
differential equations, Atti Accad. Nar. Lincei Rend. Cl. Sci. Fis. Mat. Natur. 63 (1977), 
35 l-359. 
Primed in Belgium 
